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We study teleportation with identical massive particles. Indistinguishability imposes that the
relevant degrees of freedom to be teleported are not particles, but rather addressable orthogonal
modes. We discuss the performances of teleportation under the constraint of conservation of the
total number of particles. The latter inevitably decreases the teleportation fidelity. Moreover, even
though a phase reference, given by the coupling to a reservoir, circumverts the constraint, it does not
restore perfect deterministic teleportation. The latter is only achievable with some special resource
entangled states and when the number of particles tends to infinity. Interestingly, some of such
states are the many-particle atomic coherent states and the ground state of cold atoms loaded into
a double well potential, which are routinely prepared in experiments.
PACS numbers: 03.67.Ac, 03.67.Hk, 03.67.Mn, 03.67.Lx
I. INTRODUCTION
The field of quantum information theory has grown
considerably in the last two decades, achieving important
results on the characterization of quantum correlations
and on their applicability to quantum information pro-
cessing [1–5]. Quantum protocols consist in two or more
agents sharing quantum correlated states, which can help
them to perform computational and technological tasks.
The vast majority of the work in quantum information
theory has been developed in the setting of distinguish-
able particles where each agent owns a given number
of particles. However, quantum mechanics predicts that
particles behave differently when they are identical [6, 7].
The key point is that identical particles cannot be indi-
vidually addressed: an agent cannot distinguish which
particle he is manipulating.
Experimental realizations of quantum information pro-
cesses consist of identical particles, e.g. photons, atoms
in optical lattices, or electrons in solid state systems. For
instance, ultracold atomic gases [8–13] can be controlled
with very high precision, and therefore are a promising
arena for the study of many-body physics and applica-
tions in quantum information. Identical particles can be
distinguished if appropriate degrees of freedom, e.g. spa-
tial confinements, unambiguously characterize each par-
ticle. The properties in terms of these degrees of free-
dom, e.g. their individual positions, are employed to la-
bel each particle [14–16], without being further manip-
ulated. Based on this remark, many proposals suggest
to encode states of distinguishable particles into systems
of identical particles [13, 17–22], in order to implement
quantum information processing.
Nevertheless, if one aims to build an integrated archi-
tecture, it is difficult to effectively distinguish identical
particles. In particular, it can be required to exploit all
the accessible degrees of freedom, in order to encode the
desired protocol, with no way to label or distinguish par-
ticles. For these reasons, the peculiarities of identical
particles should be properly considered for a good defini-
tion of quantum correlations and for practical purposes of
quantum information processing. In the present paper,
we focus on the analysis of a specific quantum proto-
col, the generalization of teleportation [23] with massive,
identical particles, and on the use of entangled states to
improve achievable teleportation performances.
Entanglement, which is considered a key resource for
teleportation, was debated for identical particles under
several assumptions [24–32]. We apply the approach de-
veloped in [33–39], where entanglement is defined via
non-classical correlations between subsets of observables.
This is a very general and powerful approach that re-
covers the standard definition of entanglement for distin-
guishable particles, while for systems of identical parti-
cles it accounts for quantum correlations between occu-
pations of orthogonal modes in the Fock space. Apply-
ing this framework to quantum information processing,
each agent owns and locally manipulates modes, such as
wells in optical lattices or hyperfine levels of molecular
systems, which can be experimentally addressed [40–43].
A key feature of massive particles, like atoms and con-
stituents of condensed matter systems, is the conserva-
tion of the number of particles, mathematically described
by a superselection rule [44]. This feature is responsi-
ble for a very different behaviour of entanglement among
identical particles as compared to the case of photons
and distinguishable particles, manifest, for instance, in a
simpler detectability of entanglement [38, 39, 45], a high
robustness against noise [39, 45, 46], and a different ge-
ometry of entangled states [39, 45].
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2The properties of entanglement in its presently used
definition have been studied in fermionic superconduct-
ing systems [47, 48], electrons in low-dimentional semi-
conductors [49, 50], and bosonic ultracold gases [37, 39,
51–56], and exploited in several applications, such as
quantum data hiding [57], teleportation [58–61], Bell’s
inequalities [62, 63], dense coding [60], and quantum
metrology [37, 39, 54, 55]. We shall discuss teleporta-
tion in detail, which plays a fundamental role in quan-
tum computation [64–66]. The present analysis unifies
and largely generalizes all the previous proposals of tele-
portation of identical particles, in the light of properties
studied in [38, 45].
In the original teleportation protocol [23] one agent,
Alice, wants to teleport an arbitrary, perhaps unknown,
state to another agent, Bob. Alice owns the state to
be teleported and a share of a resource state, and Bob
owns the remaining part of the resource state. The al-
gorithm of the standard teleportation is the following:
i) Alice performs a projective measurement onto the ba-
sis of maximally entangled states of her states; ii) Alice
sends Bob the result of the measurement; iii) Bob per-
forms a suitable operation on his state, conditioned on
the message he got from Alice. In the setting of distin-
guishable particles, if the shared state is a pure, maxi-
mally entangled state, Bob ends up with a state identical
to the initial state to be teleported, while the state on
Alice’s side has been transformed by the measurement.
Otherwise, Alice and Bob can distil maximally entangled
states from a larger number of not maximally entangled
states, in order to perform an optimal teleportation [67].
The teleportation can also be applied to a part of an
entangled state. In this case, Alice initially owns a sub-
system entangled with another subsystem in possession
of a third party, and uncorrelated with the resource state
and Bob’s subsystem. After the teleportation, Alice’s
subsystem is entangled neither with Bob’s nor with the
third party subsystem, while the subsystems respectively
owned by Bob and the third party become entangled.
This application is called entanglement swapping, and
can be useful for sharing entanglement at long distances,
required for quantum networks [68, 69].
This paper is organized as follows: In section II, we give
the basic definition of entanglement and review some of
its properties. In section III, we introduce the telepor-
tation protocol, where one mode of a two-mode state is
teleported using a two-mode resource state. The con-
servation of the total number of particles for the inde-
pendent operations performed during the teleportation
protocol reduces the performance. This results in the im-
possibility of a perfect teleportation for any finite number
of particles in the resource state. In section IV, we anal-
yse the teleportation efficiency with some exemplary re-
source states, and show that the efficiency grows with the
number of particles in the resource state. These resource
states include the maximally entangled states, but also
states that can be more easily prepared, such as SU(2)
coherent states [70, 71], and the ground state of a double
well potential with intrawell interactions [72]. Additional
details are shown in appendix A. We comment on the
more cumbersome case of many-mode states to be tele-
ported, as compared to two-mode states, in section V. In
section VI, we prove the impossibility of perfect telepor-
tation with a finite number of particles, for any telepor-
tation protocol. As a byproduct, we prove that it is not
possible to recover perfect teleportation even considering
the usual way to overcome the particle number superse-
lection rule, i.e. to couple the system to a reservoir [73].
Finally, we summarize our conclusions in section VII. We
use a mathematical style (Definition, Proposition), in
order to emphasize a few key statements.
II. ENTANGLEMENT
We now introduce basic definitions and notation which
we will rely on in the rest of this paper. Specialist read-
ers already fluent in the algebraic characterization of the
entanglement of indistinguishable particles may skip this
section and directly proceed to Section III. We start with
an algebraic framework which generalizes and recovers
both entanglement of distinguishable particles and entan-
glement of identical particles [37–39, 45]. Let us consider
a many-body system described by the Hilbert space H.
The algebra of all bounded operators, including all the
observables, is denoted by B(H)[103]. Unlike the usual
definition [3], we move the attention from the states and
the tensor product induced partitioning of H to the ob-
servables and local structures of B(H).
Definition 1 (Algebraic bipartition). An algebraic bi-
partition of B(H) is any pair (A1,A2) of commuting sub-
algebras, A1,A2 ⊂ B(H).
Any element of A1 commutes with any element of A2,
[A1,A2] = 0. The notion of locality lies in the commu-
tativity of the subalgebras, ensuring the compatibility of
observables of A1 with observables of A2.
Definition 2 (Local operators). An operator is said to
be local with respect to the bipartition (A1,A2), if it is
the product A1A2 of an operator A1 in A1 and some A2
in A2.
With the above definitions, we can now state the defini-
tion of separable and entangled states.
Definition 3 (Entangled states). A state ρ is said to
be separable with respect to the bipartition (A1,A2) if
the expectation of any local operator A1A2 can be de-
composed into a convex combination of products of local
expectations:
tr(ρA1A2) =
∑
k
λk tr
(
ρ
(1)
k A1
)
tr
(
ρ
(2)
k A2
)
,
λk ≥ 0,
∑
k
λk = 1, (1)
3with ρ
(1)
k and ρ
(2)
k admissible states of the system. Oth-
erwise, the state is entangled.
Let us now focus on many-body systems whose con-
stituents are N bosons which fill M different modes. The
formalism of second quantization is more convenient for
such systems. Let us introduce creation and annihilation
operators a†j , aj , j = 1, 2, . . . ,M , for each mode, with the
bosonic commutation relations, [aj , a
†
l ] = δjl. The total
Hilbert space HN of the system is spanned by the Fock
states
|k1〉 ⊗ |k2〉 ⊗ · · · ⊗ |kM 〉 = (a
†
1)
k1 (a†2)
k2 · · · (a†M )kM |0〉√
k1! k2! · · · kM !
,
(2)
where the integer kj is the occupation number of the
j-th mode such that
∑M
j=1 kj = N . We use tensor
product notation to write Fock states: for instance,
a†1a
†
2|0〉 = a†1|01〉 ⊗ a†2|02〉. We have to keep in mind
that this tensor product structure is constrained by the
conservation of the number of particles. The norm-
closure of the set of polynomials in all creation and an-
nihilation operators, {a†j , aj}, j = 1, 2, . . . ,M , is the
algebra B(HN ). We define bipartitions of this algebra
by splitting the set of creation and annihilation opera-
tors into two disjoint sets {a†j , aj | j = 1, 2 . . . ,m} and
{a†j , aj | j = m+ 1,m+ 2, . . . ,M} with arbitrary m. The
norm-closure of all polynomials in the creation and an-
nihilation operators of the first (second) set is the subal-
gebra A1 (A2). According to the previous Definition 3,
a pure state is (A1,A2)-separable if and only if
|ψ〉 = P(a†1, . . . , a†m) · Q(a†m+1, . . . , a†M ) |0〉, (3)
where P and Q are arbitrary functions. Mixed
(A1,A2)-separable states are convex combinations of
pure (A1,A2)-separable states. See [37–39] for a detailed
analysis.
Since the total number of particles is conserved, all the
observables and the density matrices commute with the
total number operator. In other words, there is a super-
selection rule [44] which forbids any coherent superposi-
tions of states with different total numbers of particles.
This is a key feature of such systems, and at the very
heart of some recent results [38, 45]. Any orthonormal
basis of (A1,A2)-separable states can be relabelled as
|k, σ〉 ⊗ |N − k, σ′〉, σ = 1, 2, . . . , D(m)k ,
σ′ = 1, 2, . . . , D(M−m)N−k , D
(m)
k =
(
k +m− 1
k
)
. (4)
The integer k in Eq. (4) counts the number of particles
in the first m modes, while σ labels the different ways
in which k particles can fill those modes. Similarly, σ′
labels the ways in which the remaining N − k particles
can occupy the other M −m modes. Any pure (A1,A2)-
entangled state is a coherent superposition of at least two
(A1,A2)-separable states.
There are two qualitatively different ways to super-
impose separable states. The first is the superposi-
tion of states labeled by different σ, σ′, keeping k fixed.
Physically, the local numbers of particles are fixed in
such states, thus the mode-bipartition corresponds to a
particle-bipartition. A state which exhibits only these
coherences has a block-diagonal structure in the label k:
N∑
k=0
D
(m)
k∑
σ,τ=1
D
(M−m)
N−k∑
σ′,τ ′=1
ρkσσ′,kττ ′ |k, σ〉〈k, τ |⊗|N−k, σ′〉〈N−k, τ ′|.
(5)
This class of block-diagonal states includes all the states
which are separable and positive under partial transposi-
tion (PPT) [38]. The set of states in each diagonal block,
i.e. for each fixed value of k, is defined on the span of
{|k, σ〉⊗|N−k, σ′〉}σ,σ′ . This is a Hilbert subspace of di-
mension D
(m)
k D
(M−m)
N−k , isomorphic to the unconstrained
tensor product space CD
(m)
k ⊗CD(M−m)N−k . Therefore, the
mathematical features, and thus their physical conse-
quences, are qualitatively analogous to those of distin-
guishable particles [38, 45]. The sum of the single block
dimensions [74] is the dimension of the total Hilbert space
N∑
k=0
D
(m)
k D
(M−m)
N−k =
(
N +M − 1
N
)
≡ D. (6)
Because of the above isomorphism, such states are nat-
ural candidates for realizing quantum protocols devel-
oped for distinguishable particles with identical bosons
[13, 17, 20–22, 75].
The second kind of superposition is the superposition
of states labeled by different k, which is not compatible
with a particle-bipartition. These states are not block-
diagonal and, thus, not PPT [38]. The entanglement
of such states is more powerful and robust than entan-
glement of distinguishable particles, because separable
states in our framework are condensed to a zero mea-
sure subset. In fact, this kind of entanglement cannot
be washed out by any mixtures with separable states,
and mixtures with entangled states can erase such en-
tanglement only under very special conditions [45]. On
the other hand, local noisy dynamics cannot completely
dissipate entanglement at finite times [46], contrary to
what happens to distinguishable particles [76–78]. All
these phenomena reflect the fact that the set of separa-
ble states has zero measure.
Besides its definition, entanglement of identical parti-
cles can also be quantified with so-called entanglement
measures. The theory of entanglement measures is based
on the same principles of that for distinguishable particles
[3, 79], provided that any physical state commutes with
the total number of particles in our framework. Some
4entanglement measures for identical particles have been
discussed in [38, 39, 45, 59]: negativity, robustness of
entanglement and entanglement entropy. In accordance
with these entanglement measures, we call a pure bipar-
tite state of N particles maximally entangled if its re-
duced density matrices are maximally mixed within the
subspace with no more than N particles. In the rest of
this paper, we use negativity as entanglement measure.
In the following, we employ entangled states of identi-
cal particles, as defined above, as a resource for quantum
teleportation. We start with discussing a teleportation
protocol that uses two-mode states. The single block
dimensions of two-mode states are D
(m)
k D
(M−m)
N−k = 1.
Thus, the only contribution to entanglement is due to co-
herent superpositions among different local particle num-
bers k.
III. TELEPORTATION PROTOCOL WITH
TWO-MODE STATES
We disuss the teleportation of one mode of a two-mode
state |ψ12〉 with the help of a two-mode, shared resource
state ρ34. The labels 1, 2, 3, 4 number the modes. The
initial global state is |ψ12〉〈ψ12| ⊗ ρ34, where
|ψ12〉 =
N∑
k=0
ck|k〉1 ⊗ |N − k〉2,
N∑
k=0
|ck|2 = 1, (7)
and ρ34 is a general two-mode state with ν particles
ρ34 =
ν∑
k,l=0
(ρ34)k,l |k〉3 3〈l| ⊗ |ν − k〉4 4〈ν − l|. (8)
The second and the third modes are owned by the sender,
Alice. She aims to teleport the state of the second mode
to the target mode, the forth one, owned by the receiver,
Bob. It does not matter whether the first mode is in
possession of Alice or not.
First, if ν > N Alice performs a projective measure-
ment of her modes, that involves projectors P
(l,λ)
23 =
|φ(l,λ)23 〉〈φ(l,λ)23 |, onto the following orthogonal states
|φ(l,λ)23 〉 =
N∑
k=0
e2pii
λk
N+1√
N + 1
|N − k〉2 ⊗ |k + l〉3,
l ∈ {0, 1, . . . , ν −N}, λ ∈ {0, 1, . . . , N}, (9)
(where the phases 2pii λkN+1 ensure the orthogonality).
We assess the entanglement and completeness of the
basis (9) for a comparison with teleportation protocols
for distinguishable particles, because there a complete
projective measurement onto maximally entangled states
is required for perfect teleportation [23]. The states (9)
have the same amount of entanglement as the maximally
entangled states of N two-mode particles. Moreover,
they span a (ν−N+1)(N+1)-dimensional Hilbert space.
Nevertheless, since the second (third) mode can be filled
at most by N (ν) particles, all the possible pure states of
these modes span an (ν + 1)(N + 1)-dimensional Hilbert
space. In other words, the conservation of the total num-
ber of particles applies to each state that is prepared
independently, i.e. |ψ12〉 and ρ34, and not to the reduced
state of the second and the third mode which have inter-
acted with the other modes. On the other hand, Alice
performs the measurement independently from the first
and the fourth mode, thus the projections on the states
(9) must commute with the total number of particles.
Therefore, the states (9) do not define a complete mea-
surement on the second and the third mode. Additional
projectors onto the missing subspace should be consid-
ered, in order to make the measurement without post-
selection trace preserving. However, the additional pro-
jectors cannot project onto states with the same amount
of entanglement.
We will consider the complete set of orthogonal pro-
jectors P
(l,λ)
23 = |φ(l,λ)23 〉〈φ(l,λ)23 | onto the following basis
|φ(l,λ)23 〉 =
min{N,ν−l}∑
k=max{0,−l}
e
2piiλkCl√Cl
|N − k〉2 ⊗ |k + l〉3,
l ∈ {−N,−N + 1 . . . , ν}, λ ∈ {0, 1, . . . , Cl − 1},(10)
where we have defined the function
Cl =

N + l + 1 if −N 6 l 6 0
N + 1 if 0 6 l 6 ν −N
ν − l + 1 if ν −N 6 l 6 ν
(11)
which equals the cardinality of the sum in equation (10).
The projection onto the states (10) take into account
also the cases when 0 6 ν < N . The records of Alice’s
measurement are (l, λ) which label the outcome corre-
sponding to the projection onto each basis state (10). If
Alice records (l, λ), the state changes into
511 ⊗ P (l,λ)23 ⊗ 14
(|ψ12〉〈ψ12| ⊗ ρ34)11 ⊗ P (l,λ)23 ⊗ 14 =
=
min{N,ν−l}∑
k,j=max{0,−l}
(ρ34)k+l,j+l ck c¯j
e
2piiλ j−kCl
Cl |k〉1 1〈j| ⊗ |φ
(l,λ)
23 〉〈φ(l,λ)23 | ⊗ |ν − k − l〉4 4〈ν − j − l|, (12)
where 1j =
∑
k>0 |k〉j j〈k| is the identity operator on the
j-th mode, and {ck}k are the coefficients of the initial
state (7).
At this point the state of Bob’s mode depends on the
outcome of Alice’s measurement. In order to reconstruct
the state to be teleported, Alice sends Bob the outcome
(l, λ) of her measurement, via a classical channel, and
Bob subsequently applies the operation V
(l,λ)
4 ρ(V
(l,λ)
4 )
†
to the fourth mode, where
V
(l,λ)
4 =
min{N,ν−l}∑
k=max{0,−l}
e
2piiλkCl |N − k〉4 4〈ν − k − l|. (13)
Since the conservation of the total number of particles
is central in our analysis, we now show that the oper-
ations V
(l,λ)
4 are fully consistent with this conservation
law. Indeed, V
(l,λ)
4 can be implemented by a unitary op-
eration which preserves the total particle number on the
forth mode and on an additional fifth mode:
V
(l,λ)
4 ρ(V
(l,λ)
4 )
† = tr5(V˜
(l,λ)
45 ρ4 ⊗ |κl〉5 5〈κl|(V˜ (l,λ)45 )†),
|κl〉5 = (a
†
5)
κl
√
κl!
|0〉5, κl > min{0, ν −N − l}, (14)
where tr5 is the trace over the fifth mode, and
V˜
(l,λ)
45 =
min{N,ν−l}∑
k=max{0,−l}
U
(l,λ)
k + 1(l,λ),
U
(l,λ)
k =
{
e
2piiλkCl |N − k〉4 4〈N − k| ⊗ |κl〉5 5〈κl| if l = ν −N
e
2piiλkCl |N − k〉4 4〈ν − k − l| ⊗ |κl + ν −N − l〉5 5〈κl|+ h.c. if l 6= ν −N
. (15)
1(l,λ) is the identity matrix on the subspace orthogonal to the support of each U
(l,λ)
k . Thus, V˜
(l,λ)
45 is a unitary
transformation which commutes with the total number of particles.
Now, we come to the analysis of the final state and how similar to the original state (7) to be teleported it is. Since
Bob knows the outcome (l, λ) on Alice’s side, and accordingly transforms his state, he ends up with the mode 4 of
one of the states ρ
(l,λ)
14 with probability p(l,λ), as given by the partial trace over the second and the third mode
p(l,λ)ρ
(l,λ)
14 ≡ tr23
[
11 ⊗ P (l,λ)23 ⊗ V (l,λ)4
(|ψ12〉〈ψ12| ⊗ ρ34)11 ⊗ P (l,λ)23 ⊗ (V (l,λ)4 )†] =
=
min{N,ν−l}∑
k,j=max{0,−l}
(ρ34)k+l,j+l
ck c¯j
Cl |k〉1 1〈j| ⊗ |N − k〉4 4〈N − j|, (16)
with tr
(
ρ
(l,λ)
14
)
= 1. The average of the teleported state over all possible outcomes on Alice’s side, which we will use to
discuss the performances of the above protocol, is given by the following local operations with classical communication
(LOCC):
T [|ψ12〉〈ψ12|] = ν∑
l=−N
Cl−1∑
λ=0
p(l,λ)ρ
(l,λ)
14 =
ν∑
l=−N
min{N,ν−l}∑
k,j=max{0,−l}
ck c¯j (ρ34)k+l,j+l |k〉1 1〈j| ⊗ |N − k〉4 4〈N − j|. (17)
We stress that the state (17) is not Bob’s final state, but the average over all possible final states at Bob’s end.
6Following [80], the faithfulness of the teleportation is
quantified by the fidelity
f =
∫
dψ〈ψ|T [|ψ〉〈ψ|]|ψ〉, (18)
where dψ is the uniform distribution over all pure states,
and the states |ψ〉 and the average teleported state
T [|ψ〉〈ψ|] stem from the same Hilbert space. The tele-
portation fidelity is the average overlap between the final
state of the first and fourth mode and the initial state
of the first and second mode, thus measures how similar
these states are. In order to define the uniform distri-
bution, consider an arbitrary state |ψ〉 = ∑Nk=0 ck|ek〉
with
∑
k |ck|2 = 1, in a Hilbert space spanned by the
orthonormal basis {|ek〉}k=0,...,N . Re-writing the coeffi-
cients ck = rke
iϕk , with rk ≥ 0 and 0 ≤ ϕk < 2pi, the
uniform distribution over the pure states is induced by
the Haar measure of the group of the unitary transfor-
mations [104]:
dψ =
N !
piN+1
δ
(
1−
N∑
k=0
r2k
)
N∏
k=0
rkdrkdϕk, (19)
see e.g. [81, 82]. For instance, the average values of |ck|α
and |ck|α|cj |β with k 6= j are
∫
dψ |ck|α =
Γ(1 + α2 )Γ(N + 1)
Γ(N + 1 + α2 )
, (20)∫
dψ |ck|α|cj |β =
Γ(1 + α2 )Γ(1 +
β
2 )Γ(N + 1)
Γ(N + 1 + α+β2 )
,(21)
where Γ is the Euler’s gamma function [83] and α, β >
−2. Inserting equation (17) for the average teleported
state into the definition (18) of the fidelity, and using the
averages (20) and (21), we derive the following expression
f =
ν∑
l=−N
min{N,ν−l}∑
k,j=max{0,−l}
(ρ34)k+l,j+l
∫
dψ|ck|2|cj |2 = 2
N + 2
1 + ν∑
k 6=j; k,j=0
max
{
0, N + 1− |k − j|}
2(N + 1)
(ρ34)k,j
 , (22)
where the function max comes from counting the number
of times each term (ρ34)k,j appears within the triple sum
inherited by equation (17) [105].
If the agents are not interested in teleporting the state
itself, but in sharing as much entanglement as possible
between the first and the fourth mode, then a more rele-
vant figure of merit is the measure of entanglement of the
final state between the first and the fourth mode. In gen-
eral, the final state is mixed, and the negativity [84, 85]
is the most easily computable measure of entanglement
for mixed states:
N (ρ) = tr
√
(ρT )2 − 1
2
, (23)
where T denotes partial transposition [86]. While in gen-
eral it vanishes for some entangled states, the negativity
of a two-mode state with a fixed number of particles is a
faithful measure of entanglement [38, 55]. Given a two-
mode state ρ, its negativity is
N (ρ) = 1
2
∑
k 6=j
∣∣ρk,j∣∣. (24)
We consider the double average of the negativity over the
outcomes (l, λ) and the uniform distribution of the initial
state as a quantifier of the final entanglement:
E =
∫
dψ
ν∑
l=−N
Cl−1∑
λ=0
p(l,λ)N (ρ(l,λ)14 )
=
pi
8
ν∑
k 6=j; k,j=0
max
{
0, N + 1− |k − j|}
N + 1
∣∣ (ρ34)k,j ∣∣, (25)
where the function max has the same origin as in equa-
tion (22). Equation (25) ranges between zero and piN/8.
The upper bound E ≤ piN/8 is proven by noting that
the teleportation protocol does not act on the first mode
and cannot increase the entanglement between the first
mode and the rest. Thus, the average final entanglement
E is not larger than the average entanglement over all
pure initial states, namely
∫
dψN (|ψ〉〈ψ|) = piN/8. The
entanglement of each final state ρ
(l,λ)
14 is independent of
whether the local operation V
(l,λ)
4 has been performed.
We notice that
8E
pi
≥ (N + 2)f − 2 (26)
follows from the triangle inequality for the absolute value
applied to (25), and from the positivity of the fidelity f
(22). We will use this inequality to translate properties
of the fidelity (22) to properties of the average teleported
entanglement (25).
7Let us briefly comment on the case of a non-entangled
state |ψ12〉 instead of the state (7). This case is not of
practical interest for two reasons. First, it does not al-
low for the protocol of entanglement swapping. Second,
the perfect teleportation of the second mode of such a
state is possible without any entangled resource state.
Indeed, the non-entangled two-mode states are only the
Fock states in the choosen basis of modes [37, 38]. In
particular, the states of the second mode are the Fock
states |k¯〉2, with ck = δk,N−k¯. In order to broadcast the
information of this state, it is enough that Alice measures
the number operator a†2a2, which provides the full infor-
mation on k¯, and communicates the result to Bob. Then,
Bob can prepare locally the state |k¯〉4. It is however in-
structive to look at the fidelity of the teleportation pro-
tocol in this case. Equation (22) with ck = δk,N−k¯ tells
us that the state |k¯〉2 cannot be teleported if l < k¯−N or
l > ν −N + k¯. Thus, the teleportation protocol (8)-(A1)
fails to teleport any state of the Fock basis of the sec-
ond mode, and the linearity of the protocol implies the
following property:
Proposition 1. The above teleportation protocol (8)-
(A1) cannot perfectly teleport an arbitrarily entangled
state |ψ12〉. The teleportation fidelity (22) is f < 1.
One can wonder whether there is a better protocol
which achieves f = 1. The answer is negative, as we
prove below, even considering the most general class of
teleportation protocols. Before discussing generalizations
of the above teleportation, we analyse the performances
of the protocol presented in this section with some exem-
plary resource states.
IV. TELEPORTATION PERFORMANCES
In this section, we discuss the teleportation perfor-
mances quantified by the fidelity and the average final
entanglement of several interesting resource states, i.e.
maximally entangled states, N00N states, SU(2) coherent
states, and the ground state of a double well potential, as
regards their relevance in other physical processes. Ad-
ditional details are exposed in appendix A. We identify
the useful states for teleportation, namely those states
that outperform the separable states when employed for
the teleportation protocol. The additional contribution
to the fidelity, with respect to that of separable states,
can be negative, unlike the contribution to the average
final entanglement. Moreover, not all of the off-diagonal
entries are relevant for teleportation. Indeed, the entries
(ρ34)k,j with |k − j| > N do not enter in the formula
of the fidelity (22) and of the average final entanglement
(25).
A. Separable resources
As mentioned above, separable resource states, namely
ρ34 =
ν∑
k=0
(ρ34)k,k |k〉3〈k| ⊗ |ν − k〉4〈ν − k|, (27)
provide threshold performances that define useful re-
source states. The teleportation fidelity (22) and the
average entanglement (25) are the same for all resource
states of this type (27):
fsep =
2
N + 2
, (28)
Esep = 0. (29)
It is worth mentioning that fsep equals the highest tele-
portation fidelity achievable with resource states of dis-
tinguishable (N+1)-level systems, which are separable or
positive under partial transposition [80]. This latter ob-
servation is consistent since resource states with a fixed
number of particles are special cases of unconstrained
states, e.g. photonic modes, which in turn are mathemat-
ically equivalent to states of distinguishable (N+1)-level
systems.
B. Maximally entangled resources and
probabilistic, perfect teleportation
Let us now consider the pure, maximally entangled
resource state ρ34 = |φ34〉〈φ34| of ν two-mode particles
[38, 45], where
|φ34〉 = 1√
ν + 1
ν∑
k=0
|k〉3 ⊗ |ν − k〉4. (30)
If Alice’s measurement results in a projection onto (10),
with 0 6 l 6 ν − N , the state of the second mode is
perfectly teleported to the fourth mode. These outcomes
occur with probability ν−N+1ν+1 , see appendix A.
The direct computation of the teleportation fidelity
(22) with elementary summations leads to
fmax ent = 1− N
3(ν + 1)
(31)
which is always larger than the fidelity fsep of separable
resources, and is arbitrary close to one if ν  N . Un-
der this condition, the probability of the outcome (l, λ)
with l < 0 or l > ν − N is negligible, and the initial
state is almost perfectly teleported. The average entan-
glement (25) of the teleported state is straightforwardly
computed:
Emax ent =
piN(3ν −N + 1)
24(ν + 1)
(32)
which is smaller than the average entanglement piN/8
over all pure states, and converges to this value for ν 
N .
8C. N00N states
Exemplary entangled resource states which are not use-
ful for teleportation are the so-called N00N sates with ν
particles:
|ν00ν〉34 = 1√
2
(|ν〉3 ⊗ |0〉4 + |0〉3 ⊗ |ν〉4), ν > N.
(33)
From the direct computation of equations (22) ad (25),
they provide the same teleportation performances as sep-
arable resource states (27). See appendix A for the case
ν 6 N , which slightly outperforms separable resource
states without qualitative improvement.
These features of N00N states are remarkable, because
they are the most useful states in the high accuracy es-
timation of the relative phase between the two arms of
an atomic interferometer [87, 88]. The apparent imbal-
ance of their performance for different purposes can be
explained because coherence among all Fock states, thus
strong mode-entanglement, is needed to implement accu-
rate teleportation, whereas only coherence between two
Fock states with highly unbalanced population in two
modes, thus weak mode-entanglement, is required for
precise phase estimation. Indeed, accurate phase estima-
tion is achieved with states that sensitively vary under
phase shifts, and corresponds to a Heisenberg-like rela-
tion where the larger the variance of relative occupation
number, the smaller the accuracy of the phase. More-
over, the counterpart of N00N states in first quantization,
i.e. the so-called GHZ states, are used to perfectly tele-
port states of distinguishable particles in low dimensional
Hilbert spaces [89–92].
D. SU(2) coherent states
States studied in the context of mean field approx-
imation and mesoscopic quantum coherent phenomena
[93, 94] are the so-called SU(2) coherent states [71], also
known as atomic coherent states [70]. These are states
where all particles occupy the same combination of two
modes defined by the population probabilities of both
modes, ξ and 1− ξ, and the relative phase ϑ:
|ξ, ϑ〉34 = 1√
ν!
(√
ξ e−i
ϑ
2 a†3 +
√
1− ξ eiϑ2 a†4
)ν
|0〉3 ⊗ |0〉4 =
ν∑
k=0
√(
ν
k
)
ξ
k
2 (1− ξ) ν−k2 eiϑ( ν2−k)|k〉3 ⊗ |ν − k〉4. (34)
(a) (b)
Figure 1: Fidelity f 1
2
,0, equation (22), of the teleportation protocol with the resource state being the SU(2) symmetric coherent
state |ξ = 1/2, ϑ = 0〉, equation (34). Panel (a) shows the teleportation fidelity f 1
2
,0, the inset of (a) shows the difference
fsep − f 1
2
,0 with respect to the fidelity with separable resource states (27), and panel (b) is the difference fmax ent − f 1
2
,0 with
respect to the fidelity with the maximally entangled resource state (30), for N = 1 (continuous line), N = 5 (dotted line), and
N = 10 (dashed line). The inset of (b) shows the cases where the fidelity with the SU(2) symmetric coherent resource state
is larger than the fidelity with the maximally entangled resource state (30) even for large ν: N = 1 (continuous line), N = 2
(dotted line), N = 3 (dashed line)
We numerically compute the fidelity f 1
2 ,0
and the aver-
age final entanglement E 1
2 ,0
of the teleportation protocol
when the resource state is a symmetric coherent state
9|ξ = 1/2, ϑ = 0〉34, i.e. with balanced population prob-
ability ξ = 1/2, that is routinely prepared in the labo-
ratory [42, 43]. We plot teleportation performances and
compare them with the performances of the maximally
entangled resource state (30), with those of separable re-
source states (27), and with their maximum values in
figures 1 and 2. Teleportation performances are always
better than performances of separable states, and can be
very close to their maximum values for large ν. In such
limit, the binomial distribution in the definition (34) of
the coherent state becomes more and more flat, and ap-
proaches the uniform distribution that characterizes the
superposition of the maximally entangled state.
(a) (b)
Figure 2: Average final entanglement E 1
2
,0, equation (25), of the teleportation protocol with the resource state being the
SU(2) symmetric coherent state |ξ = 1/2, ϑ = 0〉34, equation (34). Panel (a) shows the average final entanglement E 1
2
,0, the
inset of (a) shows the difference piN
8
− E 1
2
,0 with respect to the maximum average final entanglement, and panel (b) is the
difference Emax ent −E 1
2
,0 with respect to the average final entanglement with the maximally entangled resource state (30), for
N = 1 (continuous line), N = 5 (dotted line), and N = 10 (dashed line). The inset of (b) shows the cases where the average
final entanglement with the SU(2) symmetric coherent resource state is larger than the average final entanglement with the
maximally entangled resource state (30) even for large ν: N = 1 (continuous line), N = 2 (dotted line), N = 3 (dashed line)
We also plot the teleportation fidelity fcoh and the av-
erage final entanglement Ecoh which can be generated
with the help of a general with a general SU(2) coher-
ent state, with fixed N = 10 and ν = 100 in figure 3.
Maximum fidelity is produced with the symmetric for the
symmetric coherent state |ξ = 1/2, ϑ = 0〉, and maximum
average final entanglement is achieved for the symmetric
coherent state |ξ = 1/2, ϑ〉 for any ϑ. The average final
entanglement does not depend on the phase ϑ, since only
the modulus of the off-diagonal elements of the density
matrix enters in its definition (25).
Recall that perfect teleportation with identical parti-
cles, meaning fidelity f = 1, is impossible, while for dis-
tinguishable particles it is attained with maximally en-
tangled resource states. In this context, it is remarkable
that some coherent states can attain almost perfect tele-
portation, and that they can on average even outperform
maximally entangled resource states, in some parameter
regimes. Indeed, coherent states are easy to prepare in
experiments, see e.g. [42, 43], and [95] for a theoretical
proposal of dissipative preparation.
In order to stress the application of the notion of en-
tanglement discussed in this paper, notice that SU(2)
coherent states are entangled and they are useful re-
sources for teleportation. In this context, SU(2) coherent
states never outperform classical metrology for phase es-
timation [37, 39, 54, 55, 96]. Thus, teleportation with
identical particles shows the effects and the usefulness of
mode-entanglement, even for states where phase estima-
tion does not.
E. Ground states of the double well potential
In this section, we discuss the ground state of the
two-mode Bose-Hubbard Hamiltonian [10, 72] as a re-
source for the teleportation protocol. This application
is potentially relevant because this state can be prepared
with present days technology, such as magnetic traps and
evaporative cooling [97]. The Bose-Hubbard hamilonian
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(a) (b)
Figure 3: Fidelity fcoh, equation (22) and panel (a), and average final entanglement Ecoh, equation (25) and panel (b), of the
teleportation protocol with the resource state being the SU(2) coherent state |ξ, ϑ〉, equation (34), for N = 10 and ν = 100.
The fidelity fcoh is maximized by the symmetric coherent state |ξ = 1/2, ϑ = 0〉34, and quickly decays with ϑ, while Ecoh
is maximixed by ξ = 1/2 for any phase ϑ. Nevertheless, phases ϑ 6= 0 can be compensated by local unitary operations (see
appendix A).
H = −τ
(
a†3a4 + a
†
4a3
)
+ U
(
(a†3)
2a23 + (a
†
4)
2a24
)
(35)
is fixed by the tunneling amplitude τ between the two
well sites and the on-site interaction strength U .
Let us consider this ground state as the resource state
of the teleportation protocol ρ34 = |gs34〉〈gs34|, where
|gs34〉 =
ν∑
k=0
gk|k〉3 ⊗ |ν − k〉4. (36)
There are four regimes parametrized by the ratio [72]
γ =
νU
τ
: (37)
1. If γ  −√ν or γ  ν2, the tunneling term can
be treated as a perturbation, and the ground state
emerges as a superposition of few Fock states. With
a similar analysis as compared to that in section
IV C, we can argue that the resulting state has poor
entantanglement and is not very useful for telepor-
tation.
2. If −1 + ν−2/3  γ  ν2, then the ground state is
a Gaussian superposition
gk =
e
− (k−
ν
2
)2
4σ2γ√
Z
, σ2γ =
ν
4
√
γ + 1
, (38)
with the normalization
Z =
ν∑
k=0
e
− (k−
ν
2
)2
2σ2γ ' ν
2
√
2piσ2γ , (39)
for large ν. This range of γ shall be called single
Gaussian regime.
3. In a different regime, characterized by −√ν  γ 
−1 − ν−2/3, the ground state is a superposition of
two Gaussians [72]:
gk =
1√
Z ′
e−
(
k− ν
2
− ν
2
√
1− 1
γ2
)2
4σ′2γ + e
−
(
k− ν
2
+ ν
2
√
1− 1
γ2
)2
4σ′2γ
 ,
σ′2γ =
ν
4|γ|
√
γ2 − 1 , (40)
with the normalization
Z ′ =
ν∑
k=0
e−
(
k− ν
2
− ν
2
√
1− 1
γ2
)2
4σ′2γ + e
−
(
k− ν
2
+ ν
2
√
1− 1
γ2
)2
4σ′2γ

2
' ν
√
2piσ′2γ (41)
for large ν. We shall refer to this instance as double
Gaussian regime.
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4. The transition range between the single and the
double Gaussian regimes is the critical regime −1−
ν−2/3  γ  −1 + ν−2/3. In the critical regime,
the ground state is a superposition peaked around
k = ν/2, but less confined than a Gaussian since it
starts to split into two imbalanced occupations of
the sites.
(a) (b)
Figure 4: Fidelity fBH,−0.5, equation (22), of the teleportation protocol with the resource state being the ground state of the
Hamiltonian (35) in the single Gaussian regime for γ = −0.5, equations (36) and (38). Panel (a) shows the teleportation fidelity
fBH,−0.5, the inset of (a) shows the difference fsep − fBH,−0.5 with respect to the fidelity with separable resource states (27),
and panel (b) is the difference fmax ent− fBH,−0.5 with respect to the fidelity with the maximally entangled resource state (30),
for N = 1 (continuous line), N = 6 (dotted line), and N = 10 (dashed line). The inset of (b) shows the cases where the fidelity
with the Gaussian resource state (38) is larger than the fidelity with the maximally entangled resource state (30) even for large
ν: N = 1 (crosses), N = 2 (continuous line), N = 3 (dotted line), N = 4 (dashed line), N = 5 (dash-dotted line).
(a) (b)
Figure 5: Average final entanglement EBH,−0.5, equation (25), of the teleportation protocol with the resource state being the
ground state of the Hamiltonian (35) in the single Gaussian regime for γ = −0.5, equations (36) and (38). Panel (a) shows the
average final entanglement EBH,−0.5, the inset of (a) shows the difference piN8 −EBH,−0.5 with respect to the maximum average
final entanglement, and panel (b) is the difference Emax ent −EBH,−0.5 with respect to the average final entanglement with the
maximally entangled resource state (30), for N = 1 (continuous line), N = 5 (dotted line), and N = 10 (dashed line). The inset
of (b) shows the cases where the average final entanglement with the Gaussian resource state (38) is larger than the average
final entanglement with the maximally entangled resource state (30) even for large ν: N = 1 (crosses), N = 2 (continuous line),
N = 3 (dotted line), N = 4 (dashed line), N = 5 (dash-dotted line).
Considering the ground state of the Bose-Hubbard model as a resource for the teleportation protocol, we nu-
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merically compute the fidelity fBH,γ , equation (22), and
the average final entanglement EBH,γ , equation (25). We
plot teleportation performances and compare them with
the performances of the maximally entangled resource
state (30), with those of separable resource states (27),
and with their maximum values in figures 4 and 5. We
choose γ = −0.5 because we do not observe any qualita-
tive difference within the single and the double Gaussian
regimes. Teleportation performances are always better
than those of separable resource states, and can be very
close to their maximum values for large ν because, as
for the symmetric coherent state, the wave function of
the ground state spreads and approaches the uniform
distribution realized by the superposition in the maxi-
mally entangled state (30). In figures 6 and 7, we plot
teleportation performances as functions of γ, and com-
parisons with those of the maximally entangled resource
state (30).
We notice that there is a region in both regimes where
the fidelity fBH,γ and the average final entanglement
EBH,γ are larger than the corresponding quantities of
the maximally entangled state. When N grows, this re-
gion shrinks around the boundary with the critical regime
γ ∼ −1± ν−2/3. Thus, the single Gaussian and the dou-
ble Gaussian approximations may be no longer reliable
and these numerical results may not necessarily match
the exact behaviour of the ground state of (35). Nev-
erthless, (38) and (40) are bona fide states which outper-
form the average performances of the maximally entan-
gled states, even if they do not coincide with the ground
state of the double well potential.
(a) (b)
Figure 6: Fidelity fBH,−0.5, equation (22), of the teleportation protocol with the resource state being the ground state of the
Hamiltonian (35) in the single Gaussian regime for ν = 100, equations (36) and (38). Panel (a) shows the teleportation fidelity
fBH,−0.5, and panel (b) is the difference fmax ent − fBH,−0.5 with respect to the fidelity with the maximally entangled resource
state (30), for N = 1 (continuous line), N = 5 (dotted line), and N = 10 (dashed line). The insets show the zoom of the critical
region |γ + 1| 6 ν−2/3. Since the ground state of (35) is not known in the critical region, the resource state of the teleportation
fidelity plotted in the above insets is not the ground state of (35). It is instead the continuation of the ground state from the
outside region |γ + 1| > ν−2/3.
This concludes our analysis of the teleportation pro-
tocol described in section III. In the next two sections
we discuss generalizations of this protocol and the corre-
sponding performances.
V. COMMENTS ON THE CASE OF MANY
MODES
In this section we generalize the teleportation protocol
by the use of many-mode states. As an introductory
scenario, let us replace the first mode with a set of m
modes. The initial state is
|ψ12〉 =
N∑
k=0
D
(m)
k∑
σ=1
ckσ|k, σ〉1 ⊗ |N − k〉2, (42)
where D
(m)
k =
(
k+m−1
k
)
, and σ is an additional index that
distinguishes different orthogonal occupations of the first
mmodes with k particles. Since the goal is to teleport the
single mode labelled by 2, we apply a two-mode resource
state with ν particles (8), and the teleportation protocol
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(a) (b)
Figure 7: Average final entanglement EBH,−0.5, equation (25), of the teleportation protocol with the resource state being the
ground state of the Hamiltonian (35) in the single Gaussian regime for ν = 100, equations (36) and (38). Panel (a) shows the
average finale entanglement EBH,−0.5, and panel (b) is the difference Emax ent − EBH,−0.5 with respect to the fidelity with the
maximally entangled resource state (30), for N = 1 (continuous line), N = 5 (dotted line), and N = 10 (dashed line). The
insets show the zoom of the critical region |γ + 1| 6 ν−2/3. Since the ground state of (35) is not known in the critical region,
the resource state of the teleportation fidelity plotted in the above insets is not the ground state of (35). It is instead the
continuation of the ground state from the outside region |γ + 1| > ν−2/3.
discussed in section III, which does not act on the first
m modes. The average teleported state and the average
fidelity are, respectively,
Tm
[|ψ12〉〈ψ12] = ν∑
l=−N
min{N,ν−l}∑
k,j=max{0,−l}
D
(m)
k∑
σ=1
D
(m)
j∑
τ=1
(ρ34)k+l,j+l ckσ c¯jτ |k, σ〉1 1〈j, τ | ⊗ |N − k〉4 4〈N − j|, (43)
fm =
1
D(D + 1)
ν∑
l=−N
 min{N,ν−l}∑
k,j=max{0,−l}
D
(m)
k D
(m)
j (ρ34)k+l,j+l +
min{N,ν−l}∑
k=max{0,−l}
D
(m)
k (ρ34)k+l,k+l
 . (44)
The fidelity fm is straightforwardly computed insering
the initial state (42) and the average teleported state (43)
into the general equation (18), and using averages of the
probability distribution (19) with N + 1 replaced by D,
being the Hilbert space dimension (6) in the present case.
In figure 8, we plot the fidelity fm,max ent for the max-
imally entangled resource state (30), and its difference
with respect to the fidelity fmax ent of the same protocol
with m = 1 discussed above. We consider the special
case of N = 10 particles in the state to be teleported,
and notice that the fidelity increases with m. This is an
effect of the dimensionality of the subsystem 1. Thus,
as soon as m > 1, the fidelity is always larger than
the fidelity with m = 1. Furthermore, Alice measures
the pairs (l, λ) which allow a perfect teleportation with
probability ν−N+1ν+1 . The fidelity for the maximally en-
tangled resource states is bounded from below by such
probability. Figure 8 shows that this bound is not satu-
rated in general, since the fidelity fm,max ent can be larger
than fmax ent that is in turn larger than the probability of
a perfect teleportation. Moreover, the fidelity increases
with the number ν of particles in the resource state. This
can be explained with the inceasing amount of coher-
ence and entanglement, which reduces more and more
the probability of imperfect teleportation, as happens for
two-mode initial states.
Let us now move to a more general setting. Alice wants
to teleport a set G2 of modes, which are entangled with
another set G1 of modes in the initial state |ψG1,G2〉.
The shared resource state is ρG3,G4 , where G3 labels the
set of modes owned by Alice, and G4 labels the set of
modes owned by Bob. Alice can teleport each mode of G2
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one at a time, applying the protocol described in section
III. High fidelity is achieved if the two agents share a
maximally entangled two-mode state with ν particles for
each mode in the set G2. Therefore, if there are m modes
in each of the sets G2, G3 and G4, the resource state is
ρG3,G4 = |φG3,G4〉〈φG3,G4 |, where
|φG3,G4〉 =
m⊗
j=1
1√
ν + 1
ν∑
k=0
|k〉j(3) ⊗ |ν − k〉j(4) , (45)
and j(3) and j(4) label the modes in the set G3 and G4,
respectively. The fidelity of this protocol is bounded from
below by
(
ν−N+1
ν+1
)m
, which is the probability that each
mode is perfectly teleported. Figure 8 shows that this
is not a sharp bound, since the fidelity of the teleporta-
tion of each single mode can be larger than this lower
bound, as discussed above. The lower bound, and thus
the fidelity, are arbitrarily close to one if ν  N and m
is finite.
(a) (b)
Figure 8: Fidelity fm,max ent, equation (44), of the teleportation protocol as function of the number of the first m modes of the
initial state (42). Panel (a) shows the fidelity fm,max ent, and panel (b) the difference fmax ent− fm,max ent with N = 10 particles
in the initial state and ν = N (continuous line), ν = 10N (dotted line), ν = 100N (dashed line). The teleportation fidelity
fm,max ent monotonically increases with m.
The state (45) is not a maximally entangled state be-
tween the sets of modes G3 and G4, because the reduced
states are not completely mixed. It is however an ex-
tremely useful resource for the just mentioned procol.
A natural question is whether we can achieve a higher
fidelity by teleporting all the modes in G2 in one sin-
gle run. Such a protocol would be the straightforward
generalization of the protocol with two-mode resource
states: i) Alice performs a projective measurement in-
cluding projectors onto highly entangled states between
G2 and G3, then ii) she communicates the outcome to
Bob, and finally iii) Bob transforms his modes according
to the received outcome.
Let us first consider the simpler case of an initial state
|ψG1,G2〉 lying on one diagonal block (5), i.e. with a
fixed local number k of particles in the modes G1 and
N − k in the modes G2. The subspace of these states
is isomorphic to the unconstrained tensor product space
CD
(m)
k ⊗ CD(M−m)N−k , and thus to the space of two distin-
guishable systems of dimensions D
(m)
k and D
(M−m)
N−k , re-
spectivelty. Hence, the set of modes G2 can be perfectly
teleported by the usual teleportation protocol [23] for
a D
(M−m)
N−k -level system, translated to the formalism of
Fock space. To this aim, we need a maximally entangled
resource state between two D
(M−m)
N−k -level systems. This
is realized by a pure state |φG3,G4〉, where both G3 and
G4 are sets of M −m modes with a fixed number N − k
of particles in each of them. This protocol turns out to
be exactly the same as discussed in [58, 61], once the lo-
cal number of particles and the number of modes are set,
respectively, to k = N − k = 1 and m = M − m = 2.
This latter example has been derived within the formal-
ism of first quantization [58, 61], and seems a bit intri-
cate because of the permutation invariance of states. On
the other hand, in second quantization we only need to
straightforwardly apply the usual teleportation protocol,
because the symmetrization is implicitly included in the
formalism.
Now, we can wonder whether we can teleport all the
modes in G2 in one single run even for non-block-diagonal
15
initial states. Generalizing the protocol in section III,
Alice performs a projective measurement on the modes
in G2 and G3. The measurement projects onto states
that generalise (9) to the case of many-mode subsystems.
Some of these states are N -particle maximally entangled
with respect to the bipartition (G2, G3), in analogy to
the two-mode states (9) with l = 0, and other states have
more than N particles and the same amount of entangle-
ment than the previous ones, generalising the two-mode
states (9) with l 6= 0. Two main difficulties arise in this
protocol, which decrease the fidelity and forbid a per-
fect teleportation. The first comes from the mismatch
between the dimension of the reduced states of G2 and
G3 and the number of orthogonal projectors onto states
with the same amount of entanglement, as happens for
the two-mode states where we completed the measure-
ment with additional projectors (10).
The second difficulty concerns the non-existence of a
complete orthonormal basis of maximally entangled pure
states with a fixed total number of identical particles.
Such a basis always exists for distinguishable particles
and unconstrained Hilbert spaces [98]. It exists for the
Fock space of N two-mode particles, for the Fock space
of one M -mode particle symmetrically halved in two
mode-partitions (m = M/2), and in the special case of
N = 2 particles that fill M = 4 modes divided into
two equal parties (m = 2) [99]. On the other hand, a
straightforward computation shows that a complete ba-
sis of maximally entangled states does not exist for one
particle in M modes which are split into two unequal sets
(m 6= M/2), or for N = 2 (M = 3)-mode particles. It is
not clear whether the existence of such bases is related
to the symmetry of the algebraic bipartition. The im-
possibility of such a complete orthonormal basis reduces
the number of projectors in Alice’s measurement, that
generalise (9) and allow for a perfect teleportation.
VI. TELEPORTATION WITH REFERENCE
FRAMES
We showed that the performance of the above telepor-
tation protocol with two-mode states is limited by the
conservation of the total number of particles. The limita-
tion comes from the impossibility of a complete projective
measurement such that each outcome provides perfect
teleportation. This in turn stems from the fact that the
second and the third mode are entangled with the other
modes, thus their reduced state does not have a fixed
number of particles, while Alice’s projectors do. One can
wonder whether there is a different protocol that pro-
vides perfect teleportation. Possible generalizations al-
low many-mode states, different perhaps non-projective
measurements on Alice’s side, and the use of a general
resource state. A more interesting generalization is to
relax the constraint of total particle number conserva-
tion. Nevertheless, in this section, we will prove that the
teleportation fidelity is never one, for any general tele-
portation protocol using a finite number of particles.
Before discussing this statement, we recall the basic
idea of relaxing conservation laws in quantum informa-
tion protocols. The presence of a conservation law is
formulated in terms of a superselection rule, namely the
requirement that all the physically addressable states
and observables commute with the conserved quantities.
This requirement was connected to the lack of a refer-
ence frame, as reviewed in [44]. For instance, any op-
erator X compatible with the conservation of the total
particle number is invariant under the twirling operation
X =
∫ 2pi
0
dφ
2pi e
iφNˆXe−iφNˆ , where Nˆ is the total number
operator. This means that the phase φ is not observable
if the particle number is conserved, and that the physi-
cal operators are uniformly averaged over the phase shift
eiφNˆ . On the contrary, if the different values of φ can be
distinguished with respect to a phase reference, the phys-
ical operators are no longer invariant under the twirling
operation.
The standard method to bypass the constraints im-
posed by the superselection rule [44] involves embedding
the original system into a larger one, allowing interac-
tions with a reservoir. The conservation law applies only
to the total system, while the original system is much less
constrained. We then apply the invariance of physical op-
erators under twirling operation with respect to the num-
ber of particles NˆS of the systems plus that of the reser-
voir, NˆR: X =
∫ 2pi
0
dφ
2pi e
iφ(NˆS+NˆR)Xe−iφ(NˆS+NˆR). Equiv-
alently, the phase φ conjugated to the total number of
particles of the system plus the reservoir is not observ-
able. Nevertheless, since the relative particle number
NˆS − NˆR is not a conserved quantity, the local phase
conjugated to NˆS can be distinguished by measurements
of the reservoir that, thus, provides a quantum phase ref-
erence. To give a specific example, the two-mode state∑n
k=1 αk|k〉1|k〉2 and the operator a†1a†2 do not satisfy the
particle number superselection rule, while the three-mode
state
∑n
k=1 αk|k〉1|k〉2|2n−2k〉3 and the operator a†1a†2a23
do, and reproduce the same statistics of the previous two-
mode case. A natural question is whether this approach
allows to overcome all the restrictions imposed by the
superselection rule, such as the impossibility of perfect
teleportation shown in Proposition 1 and in section IV.
For instance, any unconstrained operations on the orig-
inal systems can be mimicked by suitable operations on
the total system [73]. This consideration was used to
prove that any unconstrained quantum protocol consist-
ing of local unitary operations can be mimicked, control-
ling the interactions with local reservoirs [73]. This re-
sult is not directly applicable to general processes which
consist of local operations and classical communication
(LOCC). In the present paper, we are interested in the
possibility of mimicking the unconstrained teleportation,
which occurs with fidelity one, by means of interactions
with a reservoir.
We explicitely show that the teleportation fidelity is
strictly smaller than one, for any teleportation protocol
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consisting of finitely many particles and of LOCC on the
system and a resource state possibly correlated with a
reservoir.
Proposition 2. Deterministic perfect teleportation,
namely with fidelity one, is never possible for a fixed and
finite number of identical particles.
For the rest of this section we prove the above propo-
sition. We start with a special generalized teleportation
protocol that captures the salient features of the impossi-
bility of perfect teleportation, and will discuss all possible
extensions later. Consider sets Gj with a number |Gj | of
modes and j = 1, . . . , 5. Using the orthonormal basis (4),
the generalization of the initial state (7) is
|ψG1,G2〉 =
N∑
k=0
D
(|G1|)
k∑
σ=1
D
(|G2|)
N−k∑
τ=1
ck,σ,τ |k, σ〉G1 ⊗ |N − k, τ〉G2 ,
(46)
where G1 (G2) is a set of modes that generalizes the first
(second) mode of the protocol in section III, and we aim
to teleport the set of modes G2. Consider pure resource
states of ν four-mode particles
|RG3,G4,G5〉 =
ν∑
s,t=0
D(|G3|)s∑
ζ=1
D
(|G4|)
t∑
η=1
D
(|G5|)
ν−s−t∑
θ=1
βs,t,ζ,η,θ|s, ζ〉G3 ⊗ |t, η〉G4 ⊗ |ν − s− t, θ〉G5 . (47)
G3 is a set of modes owned by Alice, while G4 and G5
are the sets of modes owned by Bob. We consider re-
source states that can be coupled to a shared particle
reservoir which is necessary for mimicking a general op-
eration unconstrained by the particle number superselec-
tion rule. The part of the reservoir possessed by Alice is
included in the set G3. Considering arbitrarily large sets
of modes, there is neither physical reason nor notational
convenience to identify the reservoir from the modes in
G3. It is however convenient to divide the modes pos-
sessed by Bob into two sets G4 and G5, such that G4 has
the same number of modes as G2. Thus, G4 is the target
of the teleportation, and G5 plays the role only of the
reservoir.
Alice performs a projective measurement in this ex-
tended setting, then communicates the result to Bob, and
Bob performs a suitable operation on his modes. In gen-
eral, Alice projects onto an orthonormal basis of pure
states {|φ(α)G2,G3〉}α with µ 6 ν particles, and α labels the
elements of the orthonormal basis:
|φ(α)G2,G3〉 =
µ∑
j=0
D
(|G2|)
j∑
pi=1
D
(|G3|)
µ−j∑
ω=1
Φ
(α)
j,pi,ω|j, pi〉G2 ⊗ |µ− j, ω〉G3 .
(48)
After the projection the state becomes
|φ(α)G2,G3〉〈φ
(α)
G2,G3
|ψG1,G2〉 ⊗ |RG3,G4,G5〉 = |φ(α)G2,G3〉 ⊗
∑
k,t,σ,τ,ζ,η,θ
ck,σ,τΦ
(α)
N−k,τ,ζ βµ−N+k,t,ζ,η,θ|k, σ〉1 ⊗ |t, η〉G4 ⊗
⊗|ν − µ+N − k − t, θ〉G5 , (49)
Afterwards, Alice communicates the result α of her
measurement to Bob who performs an operation V
(α)
G4,G5
on his modes. The operation is aimed to recover a state
which maximizes the fidelity, such that the final state of
the modes in G1 and G4 is as similar as possible to the
initial state (46). If a protocol with fidelity one is possi-
bile, namely perfect teleportation from the modes in G2
to the modes in G4, then the final state has to be pure
and Bob’s modes have to be factorized with the remain-
ing modes, because these are features of the initial state
(46). Therefore, V
(α)
G4,G5
has to preserve the norm of the
state (49). Comparing the state after the measurement
(49) and the initial state (46), in order to maximize the
fidelity, the state of the set G4 that multiplies |k, σ〉G1
should be transformed into |N − k, τ〉G4 . Since these
properties must be satisfied for all the initial states, i.e.
for all the coefficients ck,σ,τ , the operator V
(α)
G4,G5
must
transform the states
∑
t,η,θ
βµ−N+k,t,ζ,η,θ|t, η〉G4⊗|ν−µ+N −k− t, θ〉G5 (50)
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into
eiϕ(α,k,σ,τ,ζ)
√∑
t,η,θ
|βµ−N+k,t,ζ,η,θ|2|N−k, τ〉4⊗|χ(ν−µ)〉6
(51)
for all k and τ , where ϕ(α, k, σ, τ, ζ) is an arbitrary phase,
and |χ(ν − µ)〉G5 is a state with ν − µ particles in the
modes G5 which is independent on the other indices.
This transformation should rely on correlations among
the indices τ , ζ and η induced by the coefficients Φ
(α)
N−k,τ,ζ
and βµ−N+k,t,ζ,η,θ. The result is
(
|φ(α)G2,G3〉〈φ
(α)
G2,G3
| ⊗ V (α)G4,G5
)
|ψG1,G2〉 ⊗ |RG3,G4,G5〉 = |φ(α)G2,G3〉 ⊗
∑
k,σ,τ,ζ
ck,σ,τ e
iϕ(α,k,σ,τ,ζ) Φ
(α)
N−k,τ,ζ ·
·
√∑
t,η,θ
|βµ−N+k,t,ζ,η,θ|2 |k, σ〉G1 ⊗ |N − k, τ〉G4 ⊗ |χ(ν − µ)〉G5 . (52)
After tracing out all modes but those in G1 and G4, we get the unnormalized state
|ψ(α)G1,G4〉 =
N∑
k=0
∑
σ,τ,ζ
ck,σ,τ e
iϕ(α,k,σ,τ,ζ) Φ
(α)
N−k,τ,ζ
√∑
t,η,θ
|βµ−N+k,t,ζ,η,θ|2 |k, σ〉G1 ⊗ |N − k, τ〉G4 . (53)
From its definition (22), the average fidelity of the tele-
portation can be recast into
f =
∫
dψ
∑
α
〈ψ(α)G1,G4 |ψ
(α)
G1,G4
〉
∣∣∣〈ψG1,G4 |ψ(α)G1,G4〉∣∣∣2
〈ψ(α)G1,G4 |ψ
(α)
G1,G4
〉
, (54)
where |ψG1,G4〉 is the same as the initial state (46) with
the only difference that the set of modes G2 is replaced by
G4. Equation (54) is the average of
|〈ψ|ψ(α)〉|2
〈ψ(α)|ψ(α)〉 with prob-
ability 〈ψ(α)|ψ(α)〉. Assuming that the fidelity is one, the
overlap between any initial state and the normalized state
resulting from the α-th outcome should be one, namely
∣∣〈ψ|ψ(α)〉∣∣2
〈ψ(α)|ψ(α)〉 =
∣∣∣∣∣∣
∑
k,σ,τ
|ck,σ,τ |2γ(α)k,τ
∣∣∣∣∣∣
2
∑
k,σ,τ
|ck,σ,τ |2|γ(α)k,τ |2
= 1, (55)
with
γ
(α)
k,τ =
∑
ζ
eiϕ(α,k,σ,τ,ζ) Φ
(α)
N−k,τ,ζ
√∑
t,η,θ
|βµ−N+k,t,ζ,η,θ|2,
(56)
for all the initial states |ψ〉. Recalling the notation (4),
and considering, among all possible initial states (46),
|ψ〉 = c |k, σ〉|N−k, τ〉+
√
1− c2 |k′, σ′〉|N−k′, τ ′〉, (57)
with 0 < c < 1, the condition (55) can be re-written,
after some simple algebra, as
(c2 − c4)|γ(α)k,τ − γ(α)k′,τ ′ |2 = 0. (58)
The latter equation holds for all k, k′, τ and τ ′ that can
be arbitrary chosen in the exemplary initial state (57),
and thus implies γ
(α)
k,τ = γ
(α) are indendent on k and
τ . Plugging this result into the definition of the fidelity,
we get f =
∑
α |γ(α)|2. The fidelity is maximized if the
cardinality of the sum over α is maximal, that corre-
sponds to a projective measurement onto the complete
orthonormal basis {|φ(α)G2,G3〉}α. The completeness of the
measurement implies the identity
∑
α
Φ
(α)
j,pi,ωΦ
(α)
j′,pi′,ω′ = δj,j′δpi,pi′δω,ω′ . (59)
Hence, a perfect teleportation implies
1 =
∑
α
|γ(α)|2 =
∑
t,ζ,η,θ
|βµ−N+k,t,ζ,η,θ|2
<
∑
s,t,ζ,η,θ
|βs,t,ζ,η,θ|2 = 1 (60)
which is a contradiction.
The only assumption we made is that the teleportation
is perfect, namely that the fidelity is one. Therefore, a
perfect teleportation cannot be implemented exploiting
particle reservoirs. If each set G1,2,3,4 is made of one
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mode and the modes in G5 are factorized from the oth-
ers in the resource state (47) and in the projectors (48),
the proof recovers a generalization of the teleportation in
section III without reservoirs. In the following, the proof
is generalized along several directions in order to recover
all possible teleportation protocols described by LOCC.
• We only considered pure resource states because
the maximum fidelity is attained by a pure resource
state. Indeed, the linearity of teleportation implies
that the fidelity provided by a mixture of pure re-
source states is the convex combination of the fideli-
ties provided by each pure resource state. Thus, if
the fidelity is strictly smaller than one for pure re-
source states, it is as well for mixed resource states.
• The above proof can be generalized to a scenario
where Alice projects onto pure states with differ-
ent total numbers of particles and when the re-
source state is a mixture of states with different
total numbers of particles. Indeed, the operation
V
(α)
G4,G5
can be optimized only for one choice of the
couple (µ, ν), introducing addional errors for the
other values.
• We can further generalize the argument when Alice
projects onto degenerate subspaces. In this case,
the modes in G2 and G3 will be entangled with the
other modes, providing a decrease of the fidelity
when they are traced out.
• There is no loss of generality in considering pro-
jective measurements on Alice’s side. In fact, it is
known [1] that any quantum operation, e.g a gen-
eralized measurement or completely positive map,
is equivalent to a unitary operation U followed by
a projective measurement on an enlarged system.
Thus, unitary operations U on Alice’s side do not
change Bob’s final state, and the extension of the
system can be gathered in the set G3. Hence, this
more general scheme is absorbed by the previous
case.
• If no projective measurements are involved, there is
no broadcast of information to Bob’s end. When a
projective measurement is performed, information
is teleported to Bob’s modes. The cost of the pro-
jection is the complete erasure of information on
Alice’s side. For this reason, no further iterations
or backward communication from Bob to Alice can
improve the teleportation fidelity. This proves the
statement for a general LOCC protcol.
There is still the possibility to consider an infinite
number of particles. We have already shown that such
an asymptotic, perfect teleportation is possible with the
teleportation protocol described in section III, without
any further generalization.
VII. CONCLUSIONS
We have discussed how the teleportation protocol can
be applied to the case of identical massive particles. Due
to the indistinguishability of particles, we applied a gen-
eral notion of entanglement between subalgebras of ob-
servables. As a consequence, we identified local parties
with orthogonal modes, such as in optical lattices where
we can split the wells into groups. We considered the
following situation: a sender, Alice, wants to teleport
the state of one of her modes to a mode owned by a re-
ceiver, Bob. To this aim, they use an entangled shared
two-mode state. In general, the mode whose state Alice
wants to teleport can be entangled with another mode.
We computed the general formula of the teleportation
fidelity, that is the average overlap between the initial
pure state and the teleported state, and the average en-
tanglement of the teleported state, when one mode of a
two-mode state is teleported. We proved that the conser-
vation of the total number of particles forbids the fidelity
to be one for a finite number of particles, even if coherent
interactions with a reservoir are allowed to overcome the
superselection rule. We computed the teleportation per-
formances for several states. In particular, the maximally
entangled state (30), the symmetric coherent state and
the ground state of the two-mode Bose-Hubbard Hamil-
tonian (35) provide perfect teleportation in the limit of
large numbers of particles. Each of these states is in-
teresting for different reasons. The maximally entangled
state (30) provides perfect teleportation with high prob-
ability for a finite number of particles. The symmetric
coherent state can be prepared with current technolo-
gies in systems of ultracold atoms [42, 43, 95]. Moreover,
it is closly related to the mean field approximation and
mesoscopic quantum coherent phenomena [93, 94], and
is considered a classical state for metrological purposes
[37, 39, 54, 55, 96], while it is very useful for teleporta-
tion. In comparison, N00N states are extremely useful in
quantum metrology [87, 88] while they are not for tele-
portation. These differences are a consequence of the
fact that teleportation and metrological performaces re-
quire different state properties: large entanglement, thus
coherence among all the Fock state, for teleportation,
and coherence between two Fock states with highly un-
balanced population in two modes for phase estimation.
The teleportation performances of the ground state of
the double well potential are appealing because this state
can be generated with available techniques, i.e. magnetic
traps and evaporative cooling [97]. Finally, we briefly
discussed possible generalizations to the teleportation of
many modes and related difficulties in achieving high per-
formances.
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Appendix A: Teleportation performances with
exemplary resource states
In this appendix, we describe some additional details
on teleportation performaces with the resource states dis-
cussed in section IV.
1. Separable resources
When a separable resource state (27) is considered, the
average teleported state is
Tsep
[|ψ12〉〈ψ12|] = ν∑
l=−N
min{N,ν−l}∑
k=max{0,−l}
|ck|2 (ρ34)k+l,k+l |k〉1 1〈k| ⊗ |N − k〉4 4〈N − k|, (A1)
which is diagonal in the Fock basis, because, after Al-
ice’s measurement, the state (16) is always separable.
The teleportation fidelity and the average teleported en-
tanglement are given respectively by equation (28) and
Esep = 0.
The inequality (26) is equivalent to
E ≥ pi
8
(N + 2)(f − fsep). (A2)
Thus, if the fidelity of a resource state overcomes the
fidelity of separable resource states f > fsep, the same
relation holds for the average final entanglement E >
Esep = 0.
2. Maximally entangled resources and
probabilistic, perfect teleportation
In order to analyse the performance of the maximally
entangled resource state (30), define the projectors
Ql =
min{N,ν−l}∑
k=max{0,−l}
|k〉1 1〈k| ⊗ |N − k〉4 4〈N − k|, (A3)
and |ψ14〉 the perfectly teleported state, i.e. the same
state as (7) but pertaining to the first and fourth mode.
The average teleported state is
Tmax ent
[|ψ12〉〈ψ12|] = ν −N + 1
ν + 1
|ψ14〉〈ψ14|+ 1
ν + 1
( −1∑
l=−N
Ql|ψ14〉〈ψ14|Ql +
ν∑
l=ν−N+1
Ql|ψ14〉〈ψ14|Ql
)
. (A4)
If Alice’s measurement results in a projection onto (10)
with a specific (l, λ), the component Ql|ψ〉 of the initial
state (7) is teleported. This projection exactly recovers
the initial state, if 0 6 l 6 ν − N , resulting in a per-
fect teleportation, namely the mapping from the second
mode to the fourth mode, which occurs with probabil-
ity ν−N+1ν+1 . All the other outcomes result in the partial
teleportation of the component Ql|ψ14〉, with probability
1
ν+1 〈ψ14|Ql|ψ14〉. This lead to teleportation fidelity (31)
and to average maximally entanglement (32).
A possible strategy to optimize the performance of the
teleportation protocol is to increase the probability of
the perfect teleportation. On the one hand, such prob-
ability p
(1)
perf =
ν−N+1
ν+1 increases with the ratio ν/N and
goes to one when ν/N → ∞. This requires the ability
to prepare states (30) for a very large number of parti-
cles ν. On the other hand, considering a fixed and finite
number of particles ν, we can improve the probability of
perfect teleportation with repeated teleportations. If Al-
ice’s projection onto (10) corresponds to a value l < 0 or
l > ν −N , which does not allow a perfect teleportation,
she teleports another copy of the original state until she
gets the outcome 0 6 l 6 ν − N , namely a perfect tele-
portation. After r runs of the teleportation protocol, the
probability of perfect teleportation is
p
(r)
perf =
r−1∑
m=0
(1− p(1)perf)mp(1)perf = 1− (1− p(1)perf)r
= 1−
(
N
ν + 1
)r
. (A5)
Any other maximally entangled state [38, 45]
|φ˜34〉 = 1√
ν + 1
ν∑
k=0
eiϑ(k)|k〉3 ⊗ |ν − k〉4, (A6)
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with arbitrary phases ϑ(k) can be transformed to |φ34〉
by means of a local unitary operation, e.g.
N∑
k=0
e−iϑ(k)|k〉4 4〈k|φ˜34〉 = e−iϑ(a
†
4a4)|φ˜34〉 = |φ34〉. (A7)
Therefore all the maximally entangled resource states
provide the same performance, up to local unitary oper-
ations. These local unitary operations can be reabsorbed
in the protocol, for instance redefining V
(l,λ)
4 . The choice
in (13) maximizes the fidelity of the maximally entangled
state (30), whereas it is not optimal for other maximally
entangled states which can lead to a fidelity smaller than
that of separable states. The redefinition of V
(l,λ)
4 , by ab-
sorption of the unitaries (A7), does not affect the average
final entanglement Emax ent.
3. N00N states
The N00N states (33) discussed in section IV C can
be transformed into N00N states with n 6 N particles,
through local and controlled particle losses:
|n00n〉34 = 1√
2
(|n〉3⊗|0〉4+|0〉3⊗|n〉4) = W3⊗W4|ν00ν〉34,
(A8)
where
Wj = |0〉j j〈0|+ |n〉j j〈ν|. (A9)
The N00N states with n 6 N particles exhibit better tele-
portation performances than separable resource states:
fn00n =
2
N + 2
(
1 +
N − n+ 1
2(N + 1)
)
<
3
N + 2
,(A10)
En00n =
pi(N − n+ 1)
8(N + 1)
<
pi
8
, (A11)
that are directly computed from the general equations
(22) and (25). The second term of (A10) is the addi-
tional contribution to the fidelity with respect to separa-
ble resources. It is negligible for large n ' N , increases
with decreasing n, and contributes to the teleportation
fidelity at the same order as fsep (28). Thus, the result-
ing improvement gives at most a larger prefactor, with-
out changing the scaling with the numbers of particles.
Moreover, the average final entanglement is of order one,
while the maximum value of the negativity and its aver-
age over all pure states scale linearly with N .
We stress that the operations Wj are fully consistent
with the conservation of the total particle number, which
plays a crucial role in our study. Indeed, W3 can be
implemented with a unitary operation on the third mode
and on an additional fifth mode, to preserve the total
particle number: W3ρ3W
†
3 = tr5
(
W˜35ρ3 ⊗ |0〉5 5〈0|W˜ †35
)
,
where tr5 is the trace over the fifth mode, and
W˜35 = |0〉3 3〈0| ⊗ |0〉5 5〈0|+
(|n〉3 3〈ν| ⊗ |ν − n〉5 5〈0|
+h.c.
)
+ 1n,ν . (A12)
1n,ν is the identity matrix on the subspace orthogonal
to the support of each of the other terms. Thus, W˜35 is
a unitary transformation which commutes with the to-
tal number of particles. Analogously, W4 can be imple-
mented with a total number preserving unitary operation
on the fourth mode and an additional sixth mode.
4. SU(2) coherent states
In addition to the discussion in section IV D and from
figures 1 and 2, we note that the SU(2) symmetric co-
herent state |ξ = 1/2, ϑ = 0〉 outperforms the maximally
entangled states (30) for 1 6 N 6 3 up to large particle
numbers ν. The intuitive reason is the following: If a
maximally entangled state is employed as a resource, the
teleportation is perfect whenever Alice measures (l, λ)
with 0 6 l 6 ν − N , which happens with a probability
ν−N+1
ν+1 . The teleported state resulting form any other
of Alice’s outcomes is a projection (A3) of the original
state. For a symmetric coherent resource state, the tele-
portation corresponding to Alice’s outcomes (l, λ), with
0 6 l 6 ν − N , is slightly distorted with respect to the
perfect teleportation, but these outcomes do occur with
higher probability than in the case of the maximally en-
tangled resource state.
As an example of entangled resource state that does
not outperform separable states, we numerically checked
that the teleportation fidelity of the coherent state |ξ =
1/2, ϑ = pi〉34 is smaller than the fidelity of separable
states fsep, for N ∈ [1, 10] and ν ∈ [1, 100]. Indeed,
from figure 3 the maximum fidelity with SU(2) coherent
resource states is achieved for the symmetric state |ξ =
1/2, ϑ = 0〉.
Any coherent state is equivalent to any other coherent
state with the same value of ξ and different phases ϑ, up
to local unitary operations on the modes, i.e. of the form
eiΘ(a
†
4a4) with a given function Θ(·). This means that
coherent states with the same ξ but different ϑ have the
same entanglement [79]. Nevertheless, these local opera-
tions can be reabsorbed in the operations V
(l,λ)
4 , chang-
ing the teleportation protocol and thus its performance.
Consistently, we find a dependence of the fidelity on the
phase ϑ, even if neither the entanglement of SU(2) co-
herent resource states nor the average final entanglement
they produce change with ϑ.
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5. Ground states of the double well potential
In this section, we stress some features of teleportation
performances with the resource state being the ground
state of the Bose-Hubbard model (35). We numerically
observed that the behaviour of the fidelity (22) and of
the average final entanglement (25), when the ground
state is chosen in the double Gaussian regime, are quali-
tatively the same as in the single Gaussian regime. The
reason is that for small (large) ν the Gaussians are highly
peaked (strongly spread out), and the small (large) coher-
ence among Fock states, thus the entanglement, justify
low (high) teleportation performances. Increasing ν, the
spread of the Gaussians increases monotonically, as well
as the teleportation performances. Unfortunately, there
is no explicit formula for the ground state in the critical
regime.
The fidelity fBH,γ and the average final entanglement
EBH,γ are larger than the fidelity fmax ent and the average
final entanglement Emax ent of the maximally entangled
state, respectively, for small values of N up to large ν.
The intuitive reason is the same as the one given above
for the symmetric coherent state. The number of such
values of N increases when γ approaches −1, and de-
creases to zero when γ moves away from −1. In the
absence of interactions, i.e. γ = 0, the exact ground
state of the Hamiltonian (35) is the symmetric coherent
state (34) with ξ = 1/2 and ϑ = 0. Indeed, the sym-
metric coherent state is approximated by the Gaussian
state (38) with γ = 0, as can be seen by application of
Stirling’s approximation [100] for a large number of par-
ticles ν. Consistently, the fidelities and the average final
entanglement of these resource states have very similar
quantitative behaviours, like in Figures 1 and 2.
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